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Notes and Examples on Dynamics 



KINEMATICS 

We consider a point, moving on a given curve railed its path. 
At time t (fig. 1), its are distance from a fixed point A will be are 
AP= s, at time f it will be arc AF'= s', and so on, changing con- 
tinuously as (be time changes. In other words, s is a continuous 
function of i, and s' is the same function oi t'. 

SPEED AND VELOCITY 

The average speed from time (to time f, is the average 
distance passed over per unit time, or the fraction, (s' — s) :(f — t). 

The speed at time t is the limit of the above average speed. 
(Understanding that t' approaches (as a limit). It is denoted by 
v, and by definition, 

(1) v=ds/dt=Ds (D stands for d/dt, here and hereafter). 

The speed is positive when the are distance is increasing, and 
negative when the arc distance is decreasing. 

The average velocity from time i to time t' is the average dis- 
placement in space per unit time, in direction and magnitude. If 
the point be at P (fig. 1) at time (, and at P' at time t', then the 
average velocity is represented, by the line PiS" which is the chord 
PP' extended in the ratio 1 : (t'—t) . On the contrary, the average 
speed is represented by the arc PS" which is (he are PP' extended 
on the path in the ratio 1: (f — t). 

The velocity at time ( is the limit of the above average velocity. 
Since the limit of a vanishing chord which is kept indefinitely pro- 
duced, is the tangent line, the velocity at P is represented by a 
line PS, on the tangent to the path at P. 

The velocity PS determines Ike direction of motion at P, i. e. 
the ultimate direction from P to a succeeding position P'. Also, 
its numerical measure is the speed v. For the vanishing arc and 
chord PP' have a limiting ratio of unity, so that the speed and 
velocity, which are limits of proportionals to them, will be in that 
ratio, as to length, or be equal lengths (the former measured prop- 
erly on the path as a positive or negative distance, the hitter on the 
tangent, as a displacement in space, but both in the same direction 
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from P). llcmembei'ing that the velocity is tangential, it is there- 
fore completely determined by the speed v (the path and position 
P being known). 

The term velocity as commonly used means either speed or 
velocity, according to the context. For motion along a given path 
the "compound" of two speeds is their ordinary sum, but velocities 
derived from displacements combine by the parallelogram law of 
displacements, and not by numerical addition, since they are dis- 
placements per unit time. 

ACCELERATION -THE MODOGRAPH 

The average acceleration from time t to time (' is the average 
increase of velocity per unit time. 

The acceleration at time ( is the limit of the above average 
acceleration. 

From a fixed point (fig. 1} draw lines OB, OR, OH', etc., 
representing, in direction and magnitude, the velocities of the 
point at A, P, P', etc., (and so parallel to the tangents to the path 
at those points, and of lengths representing the speeds at those 
points, V, v, v', ete.) The curve B. . .R . . .IT . . ., is called the 
tiCiio'irnpT:. nl' the given motion. 

Now RW is the resultant of the velocities OTV and — OR \. e., 
the increase of velocity from time t to time f ; and if it be produced 
to T in the ratio 1: (f — t),ET will represent the above average 
acceleration; and it will also represent the average velocity of the 
corresponding point in the hodograph, between the same times. 
Thus its limit I1T, on the tangent to the hodograph at R, repre- 
sents simultaneously the acceleration at P, and the velocity at R. 
In words, 

The acceleration of a moving point is the velocity of the cor- 
responding point in- its hodograph. 

TANGENTIAL AND NORMAL ACCELERATIONS 

In fig. 1, draw the perpendicular, TK , lo OTT produced. Then 
RK and KT arc called the tangential and normal a re el orations, at 
P, because Lhoy are the components of U.ie whole acceleration HT, 
parallel and perpendicular to the tangent at P. The normal ac- 
celeration KT, drawn from 1', must lie towards the center of curva- 
ture, C, since it is in the direction in which the velocity PS begins 
to turn as the moving point leaves P, or towards the concave side 
of the path. 

Wo proceed to find the measures of the tangential and normal 
accelerations. 

Lay off on the velocities OB,. . .OR,. . .OR' . . ., their corre- 
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spending positive units OL,. . .OM,. . .OM'. . ., i. e. such that 0B= 
V.OL, OH=v.OM, OH'=v'.OM'. This gives a curve LMM' 
of unit radius, whose arc measures from L as origin are, arc 
LM =$, arc LM'=4>'. 

These are the radian measures of the angles through which the 
tangent to- the path has turned, in the motion of its point of con- 
tact from A to P and to I". 

The curve LMM' (on n. sphere of unit radius and center 0), 
may be called, t'h.e annular directrix of the path, and <j>, the angular 
direction of the path at P. 

The angular -velocity of the direction of motion PS, is the 
velocity of the corresponding point M on its angular directrix; and 
is represented at time ( by a tangent MN at M, whose numerical 
measure is d</i/dr, the angular spaed. (Remember that the treat- 
ment of velocity and speed on this curve is the same as on any 
other, 4> being the arc distance of the moving point at time t.) 

Draw on fig. 1, HE" parallel to MM' to intersect OH' in H". 
Then,#£P is the resultant of HE" and H"H', i.e. of v. MM' and 
(v' — v)OM'. Hence, dividing by f- — t, to obtain HI" and its com- 
ponents, and thence, their limits,.HT ; and vMN, Dv.OM, the latter 
must be KT, HK, respectively, or, 

HE=Dv.OM, KT=vMN. 

Remembering that the measure of OM is unity, and of MN, 
d<p/dt, we have : 

(2) Tangential acceleration— -f=Dv=dv/dt. 

(3) Normal acceleration =vd<j>/dt =v 2 d<f>/ds 

=v*/R, where R=ds/d<b, the radius of curvature (PC) of the 
path. (Calc. Art. 83.) 

Note. The above is differentiation of the velocity Oil, D being 
a special differential svmbol whose multiplying factor is n= 
l/(f—t), so that Di=lim.n{t'—t)=l. 

Thus let, OM=u, and denote resultant addition and sub- 
traction by -j- and — . 

Then, 

l)(vv)- iwi.niv'u' — uu)-- -Km.n(v'u' — vii'+vu' — vu) 
=Um. [n (v'—v) .u'+nv (u'—u) -\=Dv.u+vDu. 

and Du=MN, the angular velocity. 

MOTIONS IRRESPECTIVE Of PATH 

The character of a motion, irrespective of path, is determined 
hy the function which s is of t. This function may he given ex- 
plicitly, or implicitly by sufficient equations between s and t and 
other variables for the explicit solution of s in terms of t. From 
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such value of s we find at once by differentation, r=0s, and /= 
Dv—D z $. These may be written 

(1) ds=vdt, (2) dv=fdt, from which, (4) vdv=fds. 

Conversely, (1) a tic! (2) constitute two independent-equations 
between the four variables t, s, v, f. Since one of these variables 
is independent, there must be three independent equations between 
them. The third equation is sought in the form s=Ft. (F= 
"function of") ; but it may be given by the problem as an equation 
between all four variables or less. In such a case, integrations are 
to be performed, which introduce arbitrary constants. These con- 
stants arc to be determined by some assumed starting conditions, 
i. e., an assigned value of s, and v, at a given time i (usually time 
zero.) We outline methods: in certain cases. 

(a-) When / is given in terms of t. 

Find v in terms of t by integrating dv—fdt; thence find, s 
in terms of t by integrating ds=vdt. 

(b) When f is given in terms of v. 

Find i and s, each in terms of v, by integrating dt=dv/f, 
ds=vdv/f. 

(c) When / is given in terms of s. 

Find v", and thence v, in terms of s, by integrating 
2vdv='ifds; thence find i in terms of s by integrating d t = ds/v. 

Since v=I>$, f=D"s, the most general analytical equation be- 
tween the four variables is^ a differential equation of second order, 
for s in terms of t. This is called the differential aquation of the 
motion. The equation for s in terms of t is the integral equation 
of motion. We consider some types of motion, with their integral 
and differential equations, leaving the verification as exercises. 
Notice that the integral equation always contains two constants 
not in the differentia] equation. These are consequences of two 
integrations. 

TYPES OP MOTION 

(a) Uniform Motion. Equal distances are passed over in 
equal times. s=at+b. D"s=0. 

(b) 'Uniformly Increavin-fj Motion. Equal speeds are gained 
in equal times. s=i(it,--\-M-{-c, D~s=a. 

(c) Geometric Motion. From a given origin, called the 
center, arc distances at successive equally different times are in 
geometrical progression. s=a.cxj)(nt) -\-b, D s s=nDs. 

Note exp (a;)=that power of the naperian base e=2.71828+ 
whose exponent is x. dc}q>{;c)=&xp(x).d-x, and the same for D. 

(d) Harmonic Motion. The motion of a point on a diameter 
of a' circle which is the orthogonal projection of a point moving 
uniformly on the circumference. 
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s— c=acos(nt+b) , or asm{nt+h'), or Acos(nt) +Bs,in(nt) 
[equivalent forms.] 
D*s+n*(a— c)=0. 

The center is s=c. The ratlins or umpk-tudu if! o=V ( A 2 -\-B 2 ) 
The angular speed is ra, the period, 2ir/«- The pftose arable is 
&=&'— -l^r^tan- 1 (B/A). 

(e) B'vparbollc Motion. The "harmonic" functions above 
replaced by "hyperbolic" functions. This includes geometric mo- 
tion, and is in general the compound (sum) of two geometric mo- 
tions of reciprocal ratios, as in the second form, 
s— c=lcosh(r ( f}+£sinh(?iO, or <jexp(mt)+& ex p( — nt ) &c ' 
D 2 s=m 2 (s— c). 

{f) Harmonic Motion of Geometrically Decreasing Ampli- 
tude. 

s — c=a exp ( — { M ) .cos (nt-\-o) . 

D 2 s+M>s+(» 3 +y 4 fc 2 ) (s—c)=0. 

Note. To prove that the integral equation includes every 
solution of the differential equation, let s=x.sxp ( — %kt) -\-c, 
whence x is any solution of D^x-j-n-x^O. 

FIELDS AND MEDIUMS 

In nature, a moving point is associated with matter, and be- 
cause of the inertia property of matter, cannot be conceived as in 
itself changing its state of rest or of uniform motion in a straight 
line. In this view of the motion of a point, it will be called a 
particle. The motion of a particle is simply the geometrical mo- 
tion of a point, and its velocity and acceleration are geometrical 
quantities only, but we regard the acceleration, or change of 
velocity per-unit time, as being produced by some cause outside the 
particle. 

Thus, a particle near the surface of the earth is given an 
acceleration g, downward, wherever it- is placed, whose effect is only 
anulled by some other cause which gives the particle the opposite 
acceleration, so that the resultant acceleration of the. particle is 
zero. 

A space in which, a particle is given an acceleration which 
varies only as its position varies, will Vie called a field. In a field 
the acceleration, in direction and magnitude, is the same at the 
same point at all times and become.* the acceleration of the particle 
when, it arrives at that point 

In a constant field, the acceleration, is the same in magnitude 
and direction at all points of the field. It will ;jo soggestive to call 
its direction doicnu-ard, and. to illustrate tlic magnitude, g, by the 
numerical value 32, or 981, in the foot second, or centimeter 
second system. 
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In a central field, the acceleration is at all points either to- 
wards or from a fixed point enl.'ec] r/te center of the field. Prac- 
tically the earth's field is such in which the acceleration is towards 
the center of the earth and inversely as the square of the distance 
from the center. When the acceleration expends upon the distance 
from the center only, (he absolute acceleration is the acceleration 
at units distance from the center. 

We may consider a. uniform medium, which retards speed, but 
produces no change in the direction, of motion. Its acceleration is 
therefore wholly tangential, and of opposite sign to the speed; it 
should be in magnitude, some function of the speed alone, which 
vanishes with the speed, and increases as (.lie magnitude of the 
speed increases. The absolute retardation of a medium is its re- 
tardation for urn I speed, and is considered a function of the density 
of the medium which increases with increasing density. Tt is often 
assumed proportional to the density of tiie medium. 

CONSTRAINED PATHS. FRICTION. 

A particle in any field may describe any path, regarded as a 
tube in which the particle is constrained to move. The tube serves, 
in effect, as a producer of acceleration in addition to the field, since 
its confining walls change the direction of the velocity, and that is 
acceleration when measured' per unit time. We generally consider 
that tiiis acceleration is lohnlli/ normal . i.e., not affecting the speed. 
Also, the side of the tube which produces the acceleration by 
"pressing" upon the particle is that through which the particle 
would pass, if the field alone acted. All other sides but the one 
exerting pressure may be removed without affecting the motion on 
the path. 

The normal acceleration produced, by the pressure of a tube 
combines with the normal acceleration of the field to produce the 
normal acceleration of the particle (v 2 /R); i. e., it is the resultant 
of the normal acceleration v~/R and the reuersed normal accelera- 
tion of the field. 

The tangential acceleration which we conceive the friction of a 
rough path to produce, is always opposed to the motion. It is 
treated as constant, or in a, constant ratio to the normal accelera- 
tion of the, -path, called the coefficient of friction. The whole re- 
tardation of friction is called into play only on a particle in motion, 
or on the point of moving. 

EXAMPLES I. 

1. If the tangential acceleration is always zero, the motion 
is uniform; and conversely. If the normal acceleration is always 
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zero, the path is a straight line; and conversely. If the whole 
acceleration is always zero, the point moves uniformly in a straight 
line; and conversely. 

2. If a particle move freely in a .field of constant acceleration, 
show that the hodograph motion is uniform motion in a straight 
line in the direction of the field. 

3. A shot is fired at a velocity of 321) feet per second at an 
inclination whose slope is 4/3. Draw the hodograph of the subse- 
quent motion of the shot to a scale in which an inch represents 64 
units of speed, and determine by it the velocity at the end of suc- 
cessive seconds, for the first sixteen seconds. Show that the great- 
est height is reached at. the end of eight seconds. 

4. Figure 1 is the elliptic path of a planet, /' about the sun 
at the focus F; and its hodograph is a circle. Sketch on the figure 
the velocity of the planet at various points, including the ends of 
the axes and focal ordinates. Also sketch the direction of the 
acceleration of tl'.e planet at each point. 

5. Show that in the speed-curve of any motion the space de- 
scribed between the times of two abscissas is represented by the 
area of the curve between the corresponding ordinates. Also, that 
the tangential acceleration at the time of any abscissa is repre- 
sented by the slope of the curve at the point corresponding to that 

Note The speed-curve of a motion is the locus of a point in 
the coordinate plane, whose abscissa, represents the time, and or- 
dinate, the speed. It furnishes a representation of all four 
variables, £ the abscissa, v the ordinate, s the ordinate area, / the 
slope. 

6. Show that the speed-carve of constant tangential ac- 
celeration is a straight line whose slope is the acceleration, and 
y -intercept, the speed at time zero. 

7. Draw the speed-curve of the semi-cubical motion 

A point begins with speed V, and moves with constant 
' il acceleration g. If s be the distance passed over, and v, 
the speed acquired, at the end of ( units of time, show by the cal- 
culus, and bv the speed-curve, that 

v=gt+V,s=bgt a -\-Vt 1 v 1 —Y 2 =^gs. 
9. Show that with constant tangential acceleration, the aver- 
age speed is the arithmetical mean of the initial and final speeds. 

fO. Find the motion whose average speed is the geometric 
mean of the initial and final speeds. 

Note. If a be the initial speed, s=V (av) t. Squaring and 
putting ds/dt for v, this becomes ttds/s 2 —dt/t 2 . 
Ans. s=at/ (\-\-ct) 
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11. Find the space passed over in any given time hy a particle 
moving with a speed which varies as the square of the time. 

12. rind the space described, from rest at any time hy a point 
whose acceleration varies as the m' th the power of the time. 

13. Find the speed acquired from rest, when a particle is 
accelerated towards a center proportional to the distance. Find 
the time of describing a given space, and the time to reach the 
center. 

14. If the tangential acceleration of a motion vary inversely 
as the speed, the square of the speed varies uniformly with the 
time, and the cube of the speed, uniformly with the are distance. 

15. Determine the motion when the space described in any 
time, varies as the speed acquired. 

16. Show that the compound of two harmonic motions 
of the same, period is a harmonic motion of that period. 

17. Show the following construction for the distance of a. 
point in harmonic motion from its center at any time. 

Draw an initial line OX, an angle A.OX,' minus the phase 
angle b, on which OA=a, the amplitude, and describe the circle on 
OA as diameter. Then a line, coinciding with OX at time zero and 
revolving about 0, uniformly in the period of the motion, cuts this 
circle at any time in a point 1' such that. 01' is the required distance 
from the center at that time. OA is called the vector of the har- 
monic motion. 

18. OA and OB are the vectors of two harmonic motions of 
the same period. Show that the vector of their compound is 00, 
where OACB i 



PROBLEMS Or A CONSTANT FIELD 

19. If a particle is constrained to move on a line inclined at 
an angle i to the. horizontal, show that iis tangential acceleration 
is i?sint down the line, and that the constraint of the line must 
produce a normal acceleration </cosi. The line must lie imme- 
diately beneath, not above the particle. 

20. Show that, the time of descent of a particle down any 
chord of a vertical circle, beginning at the highest point, is con- 
stant, and the same as the time of descent down any chord terminat- 
ing in the lowest point of the circle. 

21. The right line of quickest descent in a vertical plane from 
a given point to the circumference of a lower circle in the plane, 
passes through the lowest point of the circle. The right line of 
quickest descent from the circumference to a lower point in its 
plane, passes through its highest point. 

32. Find the right line of quickest descent between tw& 
circles in the same vertical plane. 

10 
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23. If the projection of a. right line on a vertical line be 
constant, show that the Unit; of descent on that line varies as the 
length of the line, and that the speed acquired is constant. 

24. A plane is inclined at an angle i to the horizon, and con- 
tains a line that makes an angle a with the intersection of the plane 
with the horizon. Prove that the acceleration down this line is 
jsini sina. 

25. A particle moves in a circle in a vertical plane. Prove 
that its tangential, acceleration is </.sim£, where £ is the angle be- 
tween the vertical and the radius to the point. Thence express / 
in terms of s, measured from the lowest point of the circle, the 
radius being I. Ans. f=~— g.am(s/l) 

2G. If in the preceding example, the particle start from rest 
at s=a, find v in terms of s, and express i as a definite integral be- 
tween the limits a- and s. 

27. The Simple Pendulum. If in the preceding example, 
the are described be smalt, show that the motion is practically the 
harmonic motion s=ci..cr>$nt, where u-----g/l. The period is conse- 
quently 27ry(l/g.) 

Note. For small arcs sin (,?.A 7 >=,<.■/ J, practically. 

28. Calculate the length of a second's pendulum (period 2 
seconds.) 

29. A pendulum beating seconds is 39. VI inches in length. 
The boh is screwed tip one turn, the screw being 32 threads to the 
inch. Show that it will gain 34.7 seconds in a. day in consequence. 

30. A particle moves on a given curve (freely or by con- 
straint.) Its arc distance from a lived point, being s, and its height 
above a given horizontal plane being y, at time t. show that the 
tangential, acceleration is /= — gdy/ds. Hence from (4), if its 
height is h, and speed T, at the start, then at time t, v 2 = 
V*-\-%g(h — y). In particular if the particle fall vertically from 
rest V 2 =2g(h — y), where h—~ y is the distance fallen. 

31. Show from the result of the preceding example, that a 
particle in motion, on any path lias at any tune the same speed that 
it would acquire by failing vertically from a fixed horizontal plane 
to its given position. 

Note. Let k he the height of a fixed horizontal plane above 
the starting position such that 2gh=V 2 . Then v*— -2g(!c-\-h — y) 
and h-\-h — y is the height of (bat plane above the particle. That 
plane is Ihe level of zero speed for the motion, and the particle can- 
not rise above it, since v 2 must be a positive quantity. The path 
may not rise to that level, in which case the speed cannot become 

33. Consider a cycloid generated hy a point on a circle in a 
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vertical plane, which rolls on itn higher horizontal tangent. With 
horizontal and vertical axes of x and y, through the lowest point, 
show that its equation is, 

x=a(2<l,+sm2<l>) , y=a{l—eo&4>) 
where a is the ratlins of the generating circle, and 2cf> is the angle 
which the diameter through (lie tracing point {x,y) has turned 
from its initial position at the vertex. 

Also, s being its arc from the vertex, show that ds— h: ro*6d<l>. 
s^=4asin^ ; or s 2 =8ay. 

Also, dy/dz=taii<l>, whence <£ is the angle through which the 
tangent to the cycloid has turned from Hie vertex, and ds/dtj> is 
the radius of curvature at the point (x,y). 

33. If a particle is constrained to move in the above cycloid, 
show that its motion is harmonic, with the vertex as center, and 
angular velocity, iV {?/«*)■ (Use s 2 =8ay J and ex. 30). Deduce 
thence, the result of ex. 18, by assuming the small circular arc 
practically a small arc of a cycloid of the same curvature as the 
circle at its lowest point. 

34. Find, the speed with which the above circle must roll on 
its apper tangent in order that a point on its circumference may 
execute the motion of a particle sliding on the cycloid which it 
generates. 

35. In the preceding motion of a particle, show that the con- 
straint of the cycloidal path produces an acceleration of 2gcos<f> 
towards the point of contact of the rolling circle. 

3(3. The conical- ptinduhim.- A particle is on the inner sur- 
face of a smooth sphere, the horizontal small circle through its 
position being I units below the center of the sphere, and having a 
radius E. Show that if it is started in this small circle with speed 
v=R-\/{g/l), and for that speed only, it will describe the small 
circle as a path, and with uniform motion whose time of revolu- 
tion is the period of a simple pendulum of length I. 

Note. Consider the small circle to be a smooth lube. A particle 
started in it with any speed will move uniformly, since there is no 
change of level (ex 31). The resultant constraint at any point 
must produce an acceleration v 2 /T{ towards the center of the circle, 
and an upward acceleration balancing gravity. If this resultant is 
towards the center of the sphere, the tube may be removed without 
affecting the motion, because the sphere alone will produce the 
needed restraint. 

37. What is the least horizontal velocity with which the above 
particle may be started at the lowest point of the sphere so that it 
will describe a vertical great circle. 

Ans. With speed due to the zero level 3/2 the radius above 
the center. 

12 
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38. If in the above example, the zero level of the starting 
speed is n times the radius above the center, where n is less than 
3/2, show that the particle will leave the spherical surface at an 

arc distance from the top whose radian measure is cos _1 (2ji/3). 

39. A particle on the outside of a smooth sphere, at its high- 
est point, is started horizontally with a speed whose zero level is n 
times the radius above the center. Show that if «— V3 or greater, 
the particle leaves the sphere at once, and that if n is less than 3/2, 
it leaves the sphere at a level which is 2?i-/3 above the center. 

40. If a particle is placed at any point on the upper half of a 
smooth sphere, through what arc will it slide before leaving the 
surface ? 

41. A particle is constrained to lie-on a smooth cycloid will) 
vertex upward, x=a(26 ■ sin2<f>), ■// — «.{cos3<£ — -1). The level of 
zero speed is na above the vertex. .Find the direction and magni- 
tude of the acceleration produced by the constraint of the path at 
any point {x,y). 

42. Two particles are projected from the same point, in the 
same direction, and with the same speed, but at different instants, 
in a smooth circular tube whose plane is vertical. Prove that the 
line-joining them always touches a circle whose radical axis with 
the given circular path is the level of zero speed. 

Note. Draw two circles 0. 0' whose radical axis is hori- 
zontal; draw the tangent to 0' at any point T, and let it intersect 
in P, Q, and the radical axis in R. Draw the perpendiculars 
PL, QM, to the radical axis, and show that TP*:TQ*-=PL:QM. 
Also, as T move* on 0', show by successive posiiinns that the speeds 
of PQ are as TP-.TQ. Hence show that if P moves with the speed 
due to the zero level MLR, Q does the same. 

43. A particle hangs freely from a fixed point by an in- 
extensible siring 2 feet in length. It is projected in a. horizontal 
direction with a speed of 20 feet per second. Show that the ac- 
celerations produced by the -string at the highest and lowest points 
are as 29 to 5. 

44. Given a smooth parabolic tube, convex side up and axis 
vertical (s 2 =— 'key). A particle is started from the vertex in this 
tube with given speed. Show that if the level (h) of zero speed of 
the particle is below the directrix, the pressure of the tube is always 
outwards, so that the outer half may be removed without affecting 
the motion; that if this zero level is above the directrix the pres- 
sure is always inwards, so that the inner half may be removed 
without affecting the motion; and that if the directrix is the zero 
level, the pressure of the tube is always zero, so that the particle 
will describe ihe path freely. 
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Note. The normal acceleration oE gravity at (x,y) is gdx/ds 
inwards, and tan <£= — -dy/dx. Prove Urn tube exerts the inward 
normal acceleration V 'ag (k—a) / V (a — ■y)'' i ! at the point (x,y), 
etc. 

45. A heavy particle hangs freely from a fixed point by a 
fine elastic wire. The wire produces an acceleration upward, pro- 
portional to its extension of length mid the extension for which the 
particle hangs at rest is 1 units. If the particle he pulled down a 
units, and released, show that it describes harmonic motion of 
amplitude a, and that its period is the same as a simple pendulum 
of length I units. 

46. A horizontal platform vibrated up and down harmonically 
hi a period of one second. Find its greatest amplitude in centi- 
meters such that particles may rest upon it undisturbed. 

CENTRAL FIELDS 

4-7. A partical starts from rest at a given point 
in a central field whose acceleration towards the center is 

proportional to Hie distance from the center. Show that its path is 
a straight line through the center, and that it executes harmonic 
vibration about the center whose period is independent of the start- 
ing position, and inversely as the square root of the absolute de- 
celeration of the field. 

48. If a small hole were cut through the earth along a 
diameter we should have the field in. the previous example. Find 
the time for a particle dropped in. at one end to emerge at the other, 
the diameter being 8,000 miles. Also the velocity with which it 
reaches the center. 

49. A particle is placed on the line joining two centers. I be 
acceleration towards each being proportional to the distance of the 
particle. Find the center of the motion, and the time of vibration, 
in terms of the absolute accelerations. 

50. If a particle be acted on by repulsive acceleration from 
a fixed center, proportional to its distance from the center, :iiid 
start with velocity in a line with the center, show that its motion 
is in a straight line, and hyperbolic. 

51. The earth produces an acceleration towards its center 
which varies inversely as the square of the distance from the center. 
A particle is projeeied vertically from the surface with speed V. 
To what height will it rise? Compare with the height if the ac- 
celeration were constant. Find the least value of V such that the 
particle never returns to the earth. 

52. A particle moves on a given curve in the earth's field. 
Its arc distance from a fixed point being $, and lis distance from 
the center being r, at time t, show that the tangential acceleration 
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is f=—-udr/ds, where u=a i g/r-, a is the radius of the earth, and 
g, its acceleration, iit the surface. Hence from (4), if the distance 
of the particle from the center is h, and its speed V, at the start, 
then at time t, v~=V- -\-?m- ij (v 1 — /r 1 ). 

53. Show thai, a particle moving in a free or c'ons trained path 
in the earth's field has a speed at any point, the same as if it had 
fallen in a line with the center to that point, from a spherical sur- 
face concentric with the earth, which is the. surface of zero speed 
for the moving particle. 

Note. Let 7/ be the distance from the center, in falling from 
which to its starting position, the particle would have acquired its 
initial speed- V. By the preceding example, V-= ~2a 3 g(h~ l — k' 1 ). 
Hence find v z , etc. 

54. Extend the results of the two preceding examples to a 
central field which produces on a. particle at distance r. an accelera- 
tion F'r, (away from the center positive, and towards the center 



Ans. f=F'r.dr/ds, i?=2-(Fr — Fk), where Ft is a function 
of r whose differential is F'r. dr. Draw the spherical locus of points 
at distance fc from the center of the field, ami the radius r of the 
particle cuts it in the position by falling from which to its given 
position the panicle would acquire its given speed v. 

55. A particle P is on the Inner surface of a smooth sphere 
of center 0, in a field of center 0, whose acceleration G on P, varies 
only when the distance OP varies. Draw the small circle of the 
sphere through P whose center L is on the line 00, and show that 
if G and CL are alike in sign (negative towards 0), then the 
particle will describe this circle freely, and with uniform motion, 
if started upon it with speed v given by 
v*=(OL/OP).(LP)*.G/CL. 

RESISTANCE OF A MEDIUM 
The free path of a particle in a resisting medium alone 
' ' t line. In a constrained path, the path produces the 
whole normal acceleration v 2 /R. 

57. If the retardation, vary as the speed, speed is destroyed 
in proportion to the space described. The motion is geometric 
towards a limiting position of rest as center. 

58. If the retardation vary as (he square of the speed, the 
reciprocal of (lie speed increases uniformly at a rate measured by 
the absolute retardation of the medium. The speeds at successive 
equidistant points on the path arc in decreasing genmeire progres- 
sion. The distance passed over is ultimately indefinitely large, 
with no limiting position of rest. 

59. Find the time in which a particle with given speed will 
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bo reduced to rest, the medium retarding as tlx: square root of the 
speed. 

60. Consider a retardation varying as v(a-\-v) . 

61. Consider a retardation varying as v{a?-\-v i ). 

THE CONSTANT MELD AND A MEDIUM 

63. Show by dv- -fdt, that the speed of a failing particle must 
continually approach the speed at which the retardation of the 
medium balances gravity, as a terminal value, decreasing if greater 
than, increasing if less than, and uniform if equal to such terminal 
value. 

63. Let the medium retard as the speed, and denote the 
absolute retardation by fc. Consider a particle in vertical motion 
(rising, or falling), starting with speed V, and passing over a 
distance S in t units of time. 

(a) When rising. 
dv=gdt-~kds, and v=V — gt — hs 

dt=-dv/(g+kv), and Jd=Jog.{(g+W)/(g+kv)] 

(b) When falling, 

dv=gdi — Teds, and v=V-\-gt — hs, 
dte=dv/(g~kv), and M=log[(g— ¥V)/(g~ lev)~\ 
Note. The two cases differ only in the sign of g. Going up, 
g is retardation, or — g is acceleration; going down, g is accelera- 
tion; Tc is retardation in either case. 

(c) Show from the preceding equations that the falling par- 
ticle is approaching the icrminai speed g/lc. 

(d) In vertical motion, the speed produced by gravity in any 
time is diminished by the medium in proportion to the space de- 
scribed during that time. 

(e) A particle is projected vertically upwards with speed V ; 
find its greatest height If, and lime T of reaching it; also- the time 
T of return to the point, of projection, and the speed V of return. 

Ans. JcT=log(l-\-k7/g), kE=V~gT; and by solution of 
iT=— log(l— kV'/g), and m=gT—V. 

(/) A particle is projected vertically with a. speed of 96 feet 
per second, and returns to the point of projection in 5 seconds, 
Find: the return speed, the absolute retardation of fhe medium, 
the times of rising and failing, and the highest point reached. 

Ans. 64, .346, 3.247, 2.753, 97,94. 

Note. Take g="%, and. (here are si\" unknowns in the four 
equations of (e) above. The two additional equations, '7=96, 
T-\-T'=5, are therefore sufficient to del ermine them all. V is at 
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once found by subtracting the two values of H. Adding the values 
of T,T', then gives, 5fc— Iog[(l+3fc)/(l— 2fc)]=0. 

Solution is by successive trials. Thus, the first member is 
positive for &— .2, and negative for fc=.3 ; hence it is zero for some 
value of h between .2 and .3 ; etc. Multiplying the equation by 
.4343 reduces the natural to a common logarithms, if no table of 
natural logarithms is to be had. 

. (g) A particle is 2*4 seconds in rising, and 2% seconds in 
returning to the point of projection. Determine the absolute re- 
tardation, etc. 

(h) A particle is projected upward with its terminal speed 
for the medium. Determine the height of ascent, time of ascent 
am! descent, and speed of return to the point of projection. 

(i) One particle begins to fall from the higher extremity of 
a vertical line, at the same instant in which another is projected 
upward from the lower extremity with given speed. Find the time 
in which they will meet. 

64. Work out the cases of the preceding example when the 
retardation of the medium varies as the square of the speed. Let 
tt=g\/k\, the terminal speed. 

65. The Motions of type (f) Further Considered. Show 
the effect of a medium retarding as the speed, on the vibrations of 
a simple pendulum, and on all motions that would bo harmonic in 
vacuo. 

Note. With the center of harmonic motion as origin, the 
tangential acceleration in vacuo is expressed by — m 2 s. The 
medium contributes the additional amount —kDs, by the law 
stated, since Ds is the speed. Hence, in the medium 
D 2 s+Ws+m z s=0. 

By substituting s=x.ex\>.( — %M) this reduces to 
D 2 x+(m 2 ~ yjo')x= 0. 

This shows that.-c determines a. harmonic motion, or a hyber- 
bolic motion, or a uniform motion, according" as m z — y±k z is 
positive, negative or zero. Also, the factor, exp( — ^Tct) decreases 
geometrically with the time. 

6G. The amplitude of a seconds pendulum is reduced from 
3 to 2.6 inches in one period. Find the absolute retardation of the 
medium, and the period in vacuo. 

67. Two particles, connected by a fine elastic string, are 
falling, with the string vortical, and e\(onded to its natural length. 
The upper particle is suddenly stopped ; find the subsequent motion 
of the lower particle, the air retarding as the speed. 

Ans. If n~ lie (.lie absolute tension, /„■ the absolute retardation, 
na the speed when the upper particle is stopped, 
s=aexp {—fekt)sin nt. 

17 
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OBLIQUE AND RECTANGULAR COORDINATES 

Choose any convenient axes OX, 01 ', 02, in space, and let 
(x,y,z) be the coordinates of the moving point, in its position P, 
at time t, and (x',y',z") its coordinates in the position P' at time f. 
Thus, x,y,z, will be given functions of t, and x',y',z', will bo the 
same functions of ('. 

If we make the velocity PS the diagonal of a parallelopiped 
whose edges are parallel to the axes, those edges, from P as initial 
point, are called the components of PS. I hi: one parallel to OX 
being the x-component, etc. These components are expressed by 
the positive or negative numbers which measure them {positive 
when in the directions of the axes). Conversely, given the com- 
ponents of a velocity, construct them in their lengths and directions 
parallel to the axes, from the point of application P, and complete 
the parallelopiped with the constructed lines as edges; then its 
diagonal, PS, represents the velocity determined by them. 

With rectangular axes the magnitude, of the velocity is the 
square root of the. sum of the- squares of its components. 

The ^-component of the resultant of two velocities is the sum 
of the ^-components of the velocities, and similarly for the other 
components. 

If two velocities are para'lcl, then corresponding components 
are proportional, and in the ratio of the velocities (opposite 
velocities in a negative ratio). 

These are simply geometrical laws of displacements, and hold 
for all quantities which arc properly represented by displacements, 
as velocities, accelerations, etc. A line representing any such 
quantities is called a vector. 

We proceed to find the components of the velocity and ac- 
celeration of a moving point, in terms of the functions, x, y, z, 
which fix its position at any time t, from their definitions as limits 
of average values. 

Since [x,y,z] are the components of the displacement 
OP, and [x's/W], of OP', the components of PP' will be 
|V — x,y' — y.z' — z], and the components of average velocity PS', 
if l/(t—t)=n, will be [n{x'—x),n(y'—y),n(z'—z)~\. Hence: 
(5) The components of the velocity at time t are [Dx. By, Dz\. 

These components arc functions of I which we denote for the 
moment by [u,v,w~\, and by [u',v',w'], at time if , (respectively the 
components of Oil, Oil', fig. 1). Thus, the components of HIF 
are [w — u, v'— v, w'~— mi], and those of the average acceleration 
1IT, are [«(«'— u), n(v'— v),n{w'— w)], where n=l/(i'—t); 
and consequently their limits are [Du,Dv,Dw] the components 
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of the acceleration JIT. Hence, replacing u, v, w, by their values, 
Dx, By, Dz : 

(6) The components of acceleration at time t are, D 2 x, 
TPy, DH. 

AREAL SPEED AND VELOCITY 
We consider the conical area generated by the "radius vector" 
of the moving point, and called the radius vector area. Tf V denote 
that area OAF, at time t (fig. 3), which becomes ET=area OAF' 
at time f, then V — U is the ureal increment in time t'- — t; 
(V — U)/{t—t) is the average areul speed; and its limit DIJ , is 
the ureal speed, at time t. 

On the other hand, consider the ureal displacement repre- 
sented by the. plane triangle OFF', and call 0PP'/{f—t)=0P8', 
the average ureal velocity, front time t to time t', and its limit, 
OPS, the areul velocity at time f. Since the conical and plane 
areas OFF', OPP', have a limiting ratio of unity, as P' approaches 
coincidence with P, the areal velocity and speed have the same 
magnitude. Also, the area] velocity OPS, is a tangent plane to the 
conical surface, along the element OP. 

COMPONENTS OF AREAL VELOCITY (Rectangular Axes) 

The- a^-eoni portent of the areal velocity OPS, i? it? projection 
on the xy plane by lines parallel to OZ. Since (x, y,z) and 
(x-\-Dx,y-\-.T)y,z-\-I)z) are the ooordmates of P,S, the coordinates 
of their projections F" ,S", are (x,y) and (x-\-Dx,y-\-Dy) ; and the 
area of the projection OP"S" i? consequently by plane analytics, 
V2(xDy — yl)x). With oblique axe?, the additional factor sinXOY 
is required. Similarly for the yz and zx projections. Hence, 

(7) Y 2 (yDz~^Dy), y 2 {zDx-^Dz), ^{xDy^Dx) 
are the yz, zx.xy, components of areal velocity at time (. 

By the differentiation D, of these components, we obtain the 
components of areul acceleration, 

(8) KyDH—zlT-y) , etc. 

MOMENTS ABOUT A POINT. 

Consider any vector PS, whose components are (X, Y,Z), and 
point of application, P=(x,y,z). Then, the moment of PS about 
any point 0, i* doable the triangle O.PS, considered as to plane 
OPS direction PS about 0, and muyrdtude, the area 20PS. Con- 
sequently, the moment is not changed by transfer of P to any point 
of the line of action, PS. Its components are defined and" found 
as in areal velocities, and arc (in rectangular axes) 

yZ — zY, zX — xZ, xY— yX, on the yz, zx, xy, planes. 
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In particular, the moment of velocity is double the ureal 
velocity, and the moment- of acceleration is double ike ureal accel- 

Tlie resultant of two moments 20PS, SOPS' is defined as the 
moment 20PR, where PR is the resultant of PS and PS' 

The components of the resultant of two moments are the sums 
of Hi.", correvjnndiru} con: po-iinntu of the- moments. 

For, y(Z+Z , )-^(Y+Y')=(yZ^tY) + (yZ'—zY') etc. 

MOMENTS ABOUT AN AXIS 

The moment of a vector PS about an axis OZ, is defined as 
the orthogonal projection of its moment 2-OPS on a plane perpen- 
dicular to OZ. 

Thus with rccl.iiiigiil.aT axes, the yz, zx, and xy components of 
the moment of PS about 0, are also the moments of PS about the 
axes of x, y, and z, respectively. 

With rectangular axes, construct the line OL whose axial com- 
ponents are the moments of PS about the axes, area measure in 
the latter being taken as length measure in Ihc former, and yz com- 
ponents of area as xcomponent of length, etc. 

In rectangular axes, the sum of ilic squares of the components 
of an area equals the square of the area. Since the length of the 
line is found in the same way from its components, therefore : The 
measures of the length OL, and the area. %OPS, are equal, i. e., the 
magnitude of OL represents the magnitude of the moment 20PS. 

Also, with rectangular fixes, two lines are perpendicular when 
the sum of the products of corresponding components is zero. Hence 
show that OP, whose components are (x,y,z), and PS, whose com- 
ponents are (X,Y,Z), are each perpendievikir to OL, whose com- 
ponents are (yZ~eY, etc.) Thus, OL is perpendicular to the 
plane, OPS, of the moment. It will be named the axis of the 
moment. 

Finally, the angular direction of a moment, clockwise or 
counter-clockwise, as seen from the- end of its axis is the same for 
all moments. For, conceive P and S to move continuously in any 
way so that the angle POS docs not vanish; then the components 
■of the moment 20PS, change continuously. Since these com- 
ponents and the components of the axis OL, have the same 
measues, therefore L also moves continuously. Remembering 
further, that OL always remains perpendicular to the plane OPS 
as the (notion of P and S continues, and that the angle POS does 
not vanish, so that OL does not vanish, it is plain that the aspect 
of the angle POS from L cannot change, but remains permanently 
clockwise, or counter-clockwise, in all positions. By taking 
(1,0,0), (0,1,0) for P and 8, we find L— (0,0,1). Thus the 
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aspect of any moment from the end of its axis is the- aspect of the 
angle XOY from a point on OZ. The axes are said to be in right- 
hand order, or left-hand order, in space, according as this aspect 
is counter-clockwise or; clockwise. 

The axis OL of a moment WPS, determines it in all essential 
particulars, magnitude, plane, and angular direction. Further, 
considering moments about one point 0, the axis of the resultant 
of two moments in Ike vector resultant of their axes. For the area 
components of a moment, and the length components of its axis, 
arc identical measures in rectangular coordinates, and resultants 
of moments are found by adding corresponding components, as are 
also the resultants of vectors. 

The axes of moments are therefore vectors, and are called 
moment-vectors. Areal velocities and accelerations sire similarly 
represented by vectors, whose components in rectangular axes are 
in length what the area components are in area. Their s-com- 
ponents are the yz- components of the areas, etc., they are perpen- 
dicular to the planes of the areas and represent their magnitudes, 
and their angular directions as in moments. 

EXAMPLES II 

1. The differential and integral equations of uniform motion 
in a straight line are 

D*[x,y,zl=iO,0,0-\;D[x,i,,z}=[a,a.',a'']. 
(x, y, a)=(at+b, a't+V, a"t+b") 
3. The equations of .free motion in a constant field are, 
l)-[x, v, z]=[a, a',a"'\ ; T)[x,y,z^\=[a\-\-b,a't-\-b', 
a"t+b"] ;x=y 2 at*+ht+c, etc. 
3. Show that; the differential equations of free motion in a 
central Held, with the center as origin, are: 

where r is the distance from the center to the point (z,y,z), and 
F is the repulsive acceleration of the center (a function of x,y, 
and z, which must be negative at points where the center produces 
a I Ira dive acceleration). 

Note. The acceleration at P is parallel to OP, since is the 
center; and its ratio to OP is as F to r, where F is negative if the 
acceleration is towards 0. Also, corresponding components of 
parallel vectors are in the ratio of the vectors. 

5. Find the coordinate equations which determine the path 
in ex. 1. Find the area! velocity, and' show from it that the radius 
vector of the moving point describes equal areas in equal times in a 
fixed plane. What does it signify when the vector of areal velocity 
is parallel to a fixed line? 
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ii. With the origin at the starling iJOSJi.io.il of the particle in 
ex. 2, And the areal velocity, and show thence that the path is a 
plane curve, and that the area described by the radius vector varies 
as the cube of the time. 

t. Show that the free path of a particle in a constant field 
lies in the fixed plane which, contains the velocity and acceleration 
at the beginning of the motion. 

Note. Take the fixed plane as XOY, and show successively; 
that W'z, Dz, 2 are each zero at any time t. Or, conceive the particle 
constrained by contiguous planes to lie in the plane named, and 
show that these plane-; produce no aeoelerative constraint at any 
time, and may thus be removed without affecting the motion. Or. 
rind the vector areal velocity from the genera! equations (ex 2) and 
show that it is parallel to a fixed line. 

8. If we take the axis OX in the direction of the initial 
velocity (a), and the axis OY in the direction of the acceleration 
(g) of a constant field, find the differential equations of free 
motion, and ihenee find ;r—\:U/i l'~ , y ■ at. Rv I'limim'.' ing t we lind 
the equation of the path, i.f—iarx/fj. Interpret litis motion as the 
resultant of uniform motion in a straight line, and uniformly in- 
creasing vertical motion. Also show that the path is a parabola, 
with axis downward, and that the speed of the particle at any time 
is the speed it would acquire by falling to its position from the 
directrix, 

Note, By analytical geometry, y 2 =4a J x is the equation of a 
parabola, whose axis is in the direction OX, with the origin on the 
curve at distance a! from focus and directrix and with the axis OY 
a tangent. 

9. A particle is started with a. speed of '10 feet per second, 
at a slope of 3/4 to the vertical. Find the directrix and focus of 
the path. Construct the flight of the particle at intervals of one- 
fourth of a second for tlse first two seconds. Draw the hodograph 
of the flight, showing the velocities at the same time-. 

10. The same as ex 9, the slope to the vertical being 4/3. 

11. Plot the points of the speed curves of the preceding mo- 
tions at the times named ; also find their equations. 

12. Find the horizontal range for a particle protected with 
given speed a, at an angle of depression p from the vertical and the 
depression for maximum range. 

Note. The time of flight is found by the condition that in 
that time the height to which the initial velocity lias taken the 
particle is equal to the distance fid ten by gravitation. 

For answer take a right angle in the next problem. 
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In tin? preceding example, find: the range on a plane of 
ion 9 from the vertical and the maximum range. 

Ans. r=2& 2 sin f p — 0)su\p/gBm*8. 

For maximum range p=^0 1 r=a 2 /g{l-{-<mQ) > the polar 
equation of the curve which hounds the greatest distance that can 
be reached in any direction with initial speed a, (a. parabola with 
the starting point as focus, axis downward, and highest point the 
height of vertical flight). It is the envelope of the paths of all 
particles starting from the origin with the same speed in the same 
vertical plane. 

15. A buys a flywheel of B 16 feet in diameter, with the 
guarantee that it will run safely 80 revolutions per minute. The 
wheel burst and a piece .was found at a. distance of 1,000 feet. A 
sues B for damages ; should he recover ? 

16. Show that for a free path in a central field, with the 
center as origin, the areal acceleration is zero, the areal velocity. 
constant; and that consequently the free path of a particle in a 
central field lies in a fixed plane containing the center, and the 
radius vector from the center to the moving point describes equal 
areas in equal times. Show also (lie converse, that if any free path 
be a plane curve through a fixed point, and the radius from that 
point to the particle describes equal areas in equal limes, then the 
field is central, the fixed point the center. 

17. For a free path in any field show that the radial ac- 
celeration at time i is, in reel lingular coord in ales, D 2 x.(x/r)-\- 

z>y( s A)+p°*. (*/>•). 

Note. The radial acceleration is the orthogonal projection of 
the acceleration upon the radius vector OP, and is therefore the 
sum of the orthogonal projections of its axial components. The 
other component, of acceleration, perpendicular' to the radius vec- 
tor, is called the trans verse acceleration. Its component on the 
K-axis is found by snJu.raci.iiLg Ihe ^-component of radial accelera- 
tion f ram D*x, and is 2(Y"z—Z"y)/r s , where X", Y", Z", are the 
components of areal acceleration. 

18. Kepler announced, as the result of astronomical ob- 
servations, covering many years, that the path of a planet is an 
ellipse, with the sun at a, focus; thai, the. radius vector from the 
sun to a plant >, describes equal areas in equal times; and that for 
different planets, the cvbes of the major radii of their orbits are as 
the squares of their times of revolution. Newton thence proved: 
(a) the acceleration on a planet forms a central field with the sun 
as center; (b) towards the sun and inversely as the square of the 
distance; (c) absolute acceleration the same for all planets.. Prove 
the same in order, (a) from the plane path and law of areal speed, 
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(b) from the form of the path and situation of the sun, (c) from 
the relation between, periodic times and radii of orbits. 

Note. Newton did not announce the universal law of gravita- 
tion at that time, because, owing to erroneous 1 data regarding the 
earth, it appeared to fail in the case of the motion of the moon. 
When eighteen years later more accurate data verified the law, he 
immediately made (lie announcement. 

Outline of Proof, (a) Since the plane and magnitude of the 
areal velocity are constant, its components are constant, and the 
components of areal acceleration are zero. Thus, with the sun as 
origin, the components of acceleration (D"x, etc.) are proportional 
to (x,y,z)(Q.E.D.) 

(b) Take the plane of the orbit as the plane of xy (fig. 1). 
the major axis as #-axis, and the perpendicular line through the 
focus F occupied by the sun, as axis of y; P=(x,y) is the position 
of the planet at time t, and FP is r. Let h be the area described 
by FP in unit time. Then, a being the excentrieity of the orbit, and 
21 the latus rectum, 

(1) x 2 -\-y 2 =rr. (2) r=l — ex, by geometry of the ellipse, and 
from areas, (li) x'Oy — y'Dx=2h. 

Differentiate (1) 3 substitute the value of Dr from (2), and 
solve for Bx, Dy, with (3), making use of (1) and (3) in the 
result. Thus, if c--'M// (4) Dx=—cy/r, (5)Dy=c(e+x/r). 

Now differentiate (5), and after reduction by preceding 
equations, we find F=rD 2 y/y= — 2ch/r 2 ,Q.E.D. 

(c) Let the major and minor axes be 2a, 2b. The positive 
value of F when r=l, or the absolute acceleration of the sun's 
field on the given planet P, is k=2ch,or la(h/b) 2 , since l=b 2 /a; 
and the time of revolution is T=nai/h. Eliminating h/b, 
fe=4jrV/7 12 , which is the same for all planets. 

19. Show that the hodogvaph of the motion of a planet is a 
circle. 

Note. Take axes through (fig. 1) parallel to the preceding 
axes through F. The coordinates of the point .77 corresponding to 
the planet P are then x'^Dx,y'=Dy. Solve (■'!) and (5) above for 
x/r,y/r, and substitute in (1). We thus obtain, 

x' 2 -\-(y'- — ec) 2 =cc, a circle, center (0\ ec), radius, c. 

20. If the path of a comet is a parabola or hyperbola, with 
the sun as focus, and the radios vector from the sun to the comet 
describes equal areas in equal times, determine the law of ac- 
celeration, and the hodograph. 

Note. The work is the same as (a) (b) above, with e equal 
to or greater than unity. The holograph is a circle, with on or 
outside its circumference. If the hyperbolic path is the branch 
about the empty focus, then, r=ex — I, which is equivalent to 
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changing the signs of e and I, and therefore of c, in the above work. 
The field is then repulsive and inversely as the square of the 
distance, and the holograph is a circle. 

21.. A planet whose radius vector from the sun is d, is pro- 
jected at right angles to that radius with speed V ; determine the 
excentricity of its orbit, its major and minor axes, and the period 
of revolution. 

Note. V(2=3ft, from the area! speed, V=c(l-\-e) from the 
hodoer'aph, and h is Zch. 

Ans. e-\-l=VH/k,a=kd/{Zk— Vd), etc. 

22. If the above orbit is a circle, find the initial velocity, 
center, and character of the motion. When is the orbit a parabola? 
an hyperbola? 

23. A particle is started horizontally with speed just suf- 
ficient to make it go round the earth in vacuo ; rind the time of 
revolution. 

24. Find the absolute acceleration such thai; a particle will 
describe a circular orbit of unit radius in one unit of time. Find 
the time of revolution if the absolute acceleration is unity. 

25. Find the velocity with which a particle must be started 
in any central field whose acceleration varies as a function of r, 
in order that its orbit may be a circle, and determine the character 
of the motion, and the time of- revolution. 

26. Given that the moon revolves in a circular path about 
the earth in 28 days, find its distance from the center of the earth. 
Ans. Between 21) and ;!() diameters of the "earth. 

27. A fine elastic string, fastened at one end, and just reach- 
ing without stretching, a smooth fixed ring (1, is passed through 
the ring and attached to a particle. The constant field acting, the 
particle is found to rest in equilibrium at a point below G ; it is 
then drawn aside to a given point A, and projected with a given 
velocity AC. To find its position P at any time i, its path, and the 
character of its motion. 

Note. Let c be the absolute acceleration nf the string on the 
particle; then at 0, its acceleration is c.OG, and c.GO is the ac- 
celeration of the field, since there is equilibrium at 0. The ac- 
celerations on the particle in any position P. are therefore, c.PG, 
by the string, and c.GO, by the field, whose resultant is C.PO. 
Thus, the resultant field is central, towards the center 0, and its 
acceleration is cr al distance r. Consequently (ex. Id) the motion 
of the particle is in a fixed plane through 0, which must be the 
plane OA.C containing the initial velocity. Draw OB parallel to 
AC; and take OA, OB as axes oh; audi/, and P=(x,y). Hence 
(ex!5) > D 2 x= — cx,l) s y= — cy. 
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If OA=a, A.C=b~\/c, the solution is 
a;=^icos( ~\/ c.£) i y=&sin( Yc.tf) > 

and for the path, (a-/V;)-- \-{ii/b)-=\, the equation of an 
ellipse referred to semi-conjugate diameters OA-=a.,0B=b. 

In another piano throng-] 1 OA lake 0/?' perpendicular to OA 
as a new axis of y' ; and consider the point V' , whose: coordinates are 
a=acos(Yc.i),y'=a8m(yc.t). Show that as (varies P J describes 
a circle AB', uniformly r, radians per unit time, as P describes its 
elliptic path AB, and that P'P is always parallel to the fixed line 
B'B. The motion of the particle is therefore, the parallel projec- 
tion of uniform- circvlar motion whose, period of revolution is 
Sir/Vc- This motion of P is called elliptic, 'harmonic motion; it is 
not, however, a harmonic motion on the ellipse. Harmonic motion 
in a straight line is called simple, harmonic motion. 

28. A particle is projected from the origin with an initial 
velocity whose components arc a horizontal, and b vertical, and the 
same component are u, v, at time r, when the particle, is at (x, y). 
The retardation of the air varies as the speed (its absolute value 
being k), and gravity also acts. Find equations for u,v,x,y, in 
terms of t. Also equations for the horizontal range and time of 
flight, and the equations for maximum range, when the initial 
speed is given. 

RESULTANT MOTIONS 

The general definition of the resultant of two motions is that, 
if P. Q. be the moving points of the- component ■motions at any time,, 
and is a fixed paint, then completing the parallelogram OPRQ, 
B is the moving point of the resultant motion as to the origin 0. 
Conceive a space carried iiy the moving point P , but with directions 
unchanged; the point 11 is then carried with P in this space, and 
has besides, the motion round P which Q has round 0. The motion 
of Q round is called the relative motion of It as to P, i. e., 
OQ-:..-:|''P, in length and direction at every instant of time. 

The velocity and acceleration of the- resultant point E above 
are the resultants of the velocities and accelerations of P and Q, 
since, as displacements, ()'R=OP-\-OQ, and hence for velocities, 
D.OTi=I).OPA-D.OQ, etc. 

EXAMPLES III 

1. Show that a translation of the origin to a new position 
0' translates the resultant of two given motions the opposite 
amount, O'O. 

3. Show that Uu: parallel translation of a component motion 
affects the resultant motion by the same translation. 

3. The resultant of two simple harmonic motions of the 
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same period and direction is a simple harmonic motion. Also find 
the resultant amplitude and phase. 

4. The resultant of two or more simple harmonic motions of 
the same' period and phase, on different straight lines, is simple 
harmonic motion of the same period and phase. 

5. The resultant of two or more harmonic motions of the 
same period on different lines is elliptic harmonic motion (be- 
coming in special eases uniform circular or simple harmonic 
motion). 

6. Show that a simple hnrcn.on.ic: motion is the resultant of 
two uniform circular motions of opposite directions. 

7. Show that the resultant of two simple harmonic motions 
in rectangular directions, of equal phase, and periods as 1:2, is a 
parabolic vibration. 

Note. x=acos2ni. y=b count, and eliminating L 
(i/o)+l=S (»/&)■. 

8. In the same case, if there is a difference of phase, the 
resultant path is a figure 8 curve. 

9. Construct the path of the motion 

(x, v, z)=(ieosnt, isinnt, 3cos %nt). 
Xote. Take a sheet of paper, 8 units by Sir Units 
and with the length wise middle line as axis of x, and an edge per- 
pendicular to it as axis of y, construct the harmonic curve y== 
.3eos ] /2;r. from x zero to its extreme value, S?r. If old the paper into 
a cylinder of radius 4 units, and the curve upon it takes the form 
of the required path. 

10. If the surface of the above cylinder be turned about its 
axis (the axis of z) through the angle — b, the axes of x, ?/, z, not 
moving, the curve drawn becomes the path of the motion, 

{x, y, s)=[4eos(n(-|-b, 4sin(n/-|-ft),3cos 2nt] 

11. Show that the orthogonal projections of the motions in 
exs. 9 and 10 on the plane of xz are the motions given by the x and z 
coordinates alone. 

12. Find the resultant of two uniform circular motions of 
the same period and plane. When is their resultant a simple har- 
monic motion? 

13. The curve of pursuit, A point'in a plane moves uni- 
formly in a straight line (the axis ai x). A second point moves 
in the plane so that its direction of motion is always towards the 
first point. Assuming that its line of motion in the beginning is 
the axis of y, find the differential and integral equations of its 
subsequent motion. 

14. A hound sights a fox 100 yards due south. The fox 
runs due east, and is overtaken in 300 yards. Show that the 
hounds runs 354.14 yards. 

27 
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Note. If the hound run n times as fast as the fox, and r be 
the distance between them at time t, show that ds-\-dr=dy/n t 

integrate, and solve for n. 

PLANE POLAR COORDINATES 

Consider a point moving on a plane curve APP' (fig. 3), 

whose position is P at time t, etc. Let be the pole, and OX, the 
the initial line, and withO as center, draw a circle of unit radius, 
cutting OX at L, OP at Q, etc. Then the polar coordinates of P 
are #=arc LQ, and r=O.I.'/0Q. These are the coordinates of the 
moving point at time t, and are functions of t, which become 
0/=arc LQ', r'=OP J /OQ' at time f . 

Let QR be a positive quadrant on the unit circle. Then OQ, 
OR, are respectively radial and transverse, directions at time t, 
and all vectors at that instant, may be expressed by their com- 
ponents in these directions, called their radial and transverse com- 
ponents. Thus, the radial and transverse components of the ve- 
locity, FT, at time t, are PS and ST, where PS is a continuation 
of OP, and OST is a right angle. We proceed to determine the 
radial and transverse components of velocity and acceleration. 

The average velocity from time t to time t' is represented 
by the vector nPP' (using n for l/(t' — t) here and in what im- 
mediately follows). In the vector addition and subtraction, nPP' 
is the -same as n(OP J —OP). or n(/OQ'-^rOQ). Combining with 
this the null system, — nrOQ', -\-nrOQ', and noting that 
OQ'—OQ=QQ', we obtain, nPP'=n(r'^ r)OQ'-\-r.nQQ'. 

The limit of this average velocity is the velocity PT ; also, 
the limit of n-QQ' is the velocity of Q on the unit circle, or D0.OR. 
Thus, PT=Dr.OQ+rD8.0R; and since we express the units of 
direction, OQ, OB, by the terms radial and transverse, we have, 

(9) {Br, rDd) are the radial and transversa components of 
velocity. 

Note. If u, v, stand for the units OQ, OR, the preceding 
work is the differentiation of the vector displacement OP=ru, viz., 

D (ru)=Dr.u-\-rDu=Dr.u-\-rD8.v (since Du is seen to be 
D6.v) 

The acceleration is found by a similar differentiation of the 
velocity, allowing for the variation of both units, u, v, in the above 
note; also, observe that Dv is the velocity of R, or — DS.u Thus 
let q stand for rDd, and the acceleration is, after collecting co- 
efficients of u. v7 

D(Dr.u+q:v)=(D 2 r—qD6)u+(DrJ)6+Dq)v. 

If we multiply the coefficient of v by r, it becomes Dr.q-\-rDq, 
i. e., D(rq). Thus finally, 
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(10) F=D 2 r — r{D6) 2 , is the radial comp'.mcnt of accelera- 
tion. 

(11) .G=r~- 1 D{r 2 D$) is the transverse component of accel- 
eration. 

The triangle OPT is the areal velocity, and if U denote 
the radius vector area OAP, v the speed l)s, and p the perpendic- 
ular ON, on PT, the magnitude of this area, or the areal speed is 
1 in the forms, 

(12) DU=V 2 r 2 D6=Y2Pv. 

Note, v is found in polar coordinates by the right triangle 
PST. 

(13) vdv=fd$=Fdr-\-Grd6 by projecting F and 6 upon PT, 
to find /. 

Polar coordinates aja particularly useful when considering 
plane motions in central fields. Since the whole acceleration is 
radial, this gives a.t once- G— 0, i. e., T)(r'-T)0) — 0. ITenee, 

(14) r 2 D$=pv=B, a constant, (in a central field). 

This expresses, of course, that the radius voctoi describes 
equal areas in equal times, as heroin fore shown j/"'i7=|H", [7= 
%Ht-\-c\. By this equation, whicli is dt=r' i dft/7T, we may elim- 
inate dt from the differential equations.. Let a small cap D stand 
for d/dd; Then D become everywhere (H/r 2 )!). 

i. e.j Drt=(H/r s )T>r=—HD(l/r), etc. The most important 
equations thus holding for a central field, with r and the only 
variables involved are, 

(10') F=— (Hv,y{-D*u+u), (» standing for 1/r) 

(12') pv=H, whence vdv={H./p)d{H/p). 

(13') vdv=fds=Fdr. 

EXAMPLES IV 

1. Find (he laws of the ecniral fields in which a particle will 
describe the following curves, and determine (he starting condi- 
tions that it may do so, in particular the curve of zero speed. 

(a) The hyperbolic spiral, r8=a. 

(b) The equiangular spiral p=r sine. [(13') and (13')] 

(c) The logarithmic spiral log (r/a)=9/c. [The same as 
GO]- 

(d) The spiral in which r/a is the n'th power of sec (8/n). 

(e) T=a sec nd, and r=a sech nO. 

(f ) The spiral of Archimedes, r=a$, and the rose, r=a$m26 
(f) The.cissoid r^=asinOtanO : The lemniseate (r/a) s — 

•CO520. 
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(g) A circle about a point on it? circumference ; a parabola 
about its vertex; about, the intersection of axis and directrix. 

(li) A- conic section about a focus, l/r=\-\- ecos#. 

(i) An ellipse or hyperbola, about, its center. 

(i) An equilateral hyperbola aboui it* center, (r/a) 2 =sec20. 

3. A particle describes an ellipse, its acceleration being al- 
ways perpendicular to one axis; find the law of acceleration. 

3. What would be the patb of a projectile if gravity varied 
inversely as the cube of the distance from a horizontal plane? 

4. If the acceleration varied as the distance in the preced- 
ing example ? 

5. Determine the path when the law is inversely as the square 
of the distance. 

6. Consider- the laws inversely as the cube of the distance, 
and inversely as the distance. 

7. If the hodograph is a circle, and the field central, the law 
must be inversely ;is the square of the distance. 

8. The speed varies inversely as the distance from the center; 
determine the law of the field, and the path. 

9. A planet is projected with the speed for. a circular path 
at its given distance, but at an angle of -15 degrees to its radius 
vector. Show that the point of projection is the end of a minor 
axis of its orbit, and its axes are as \/2 to 1. 

10. A particle, acted upon by two centers, moves with con- 
stant speed, and the product of its distances I'roni the centers is 
constant. If one center vary as the distance show that the other 
varies as its' inverse cube. 

11. Show that the radius of the sphere of zero speed for a 
planet is twice the major radius of its orbit, or that \v z =k/r — h/2a 

12. Consider the motion of a particle in a field of two cen- 
ters, each varying a.s the distance. 

13. A particle moves in one plane, and its acceleration is 
constant in magnitude, but revolves uniformly in direction. Find 
the motion and path described, starting from rest. 

Ans. With the x as the initial position and the x axis as trie- 
initial direction of acceleration; n, the angular speed of the latter, 
and an 2 , its magnitude, the motion is :?;— «versHl, y=a(nt — sin/ii), 
the motion of a point on a circumference of radius a, rolling uni- 
formly on the y axis. 

14. A particle describes the cycloid r=nvers</j, y= 
a(<p-\-sm<f>) , in a fiield whose acceleration is always par- 
allel to the base : determine its law. 

Ans. The base is the line x=2a. If b is tbe constant ve- 
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locity parallel to the axis, the acceleration is — fcyasin>£vers<iS, in 
the direction OY. 

15. If a particle be acted on by a vertical acceleration so as 
to describe the common catenary y=aeosh(a:/a), find the acceler- 
ation and speed at any point. 

Ans. c s j/, cy, where c is the ratio of the constant horizontal 
velocity to the radius a. 

1G. A particle is moving in a plane, and its acceleration is 
always perpendicular to the line joining it to a fixed point of the 
plane. To find the law of the field in. order that the angular veloc- 
ity of the particle about the point may be constant, and to deter- 
mine the path. 

Ans. Q=nt, and F is zero; whence 
r=<iexp{Mf)-|-&exp( — nt), G=2nDr. 

17. Show that any number of given centers, whose accelera- 
tions vary as the distance, are equivalent to a. single center of the 
same law. 

Note. Let I, m, .... be absolute accelerations of centers A. 
B,. . . , positive or negative as repulsive or attractive; the resultant 
on P is lAP-\-mBP-\-..., and U E+mBE+ . . .=0, where E is 
the position of equilibrium. Taking this null system from the 
resultant, it becomes, (l~\-m-\-. . . )EP. 

18. Show that if the algebraic sum of the absolute accelera- 
tion above is zero, the resultant field is constant. 

19. An attractive center which produces acceleration in pro- 
portion to the distance, moves uniformly in a straight line in a 
given plane. To determine the motion of a particle in the plane 
whose initial circumstances are given. 

20. Two particles P, P' produce attractive accelerations, ouch 
on the other towards itself, and varying as the distance between 
them. With any initial circumstances, describe their subsequent- 
motion. 

Ans. Call the absolute acceleration of each its mass. Then 
their center of gravity maws uniformly in a straight line. Each 
revolves in elliptic harmonic nml.imi relative to the other as center 
with a mass the sum of their masses. 

31. The same as the preceding, except varying inverely as. 
the square of the distance. 

Ans. Their center of gravity moves uni.Corjn.iy in a straight 
line. Bach revolves iir a conic. section relative to the other as focus, 
with mass the sum of their masses. 

22. The same as ex, 20, except varying as any given function 
of the distance, with different absolute values. 

33. Every point of a plane of infinite extent produces ac- 
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eeleration on a particle towards itself, of absolute value fc per unit 
area, and inversely as Llio square of the distance. Determine the 
field produced. 

24. Using ex. 31 to modify Kepler/a third law, show that the 
mass of the sun is approximately 350/1 20 times the mass of the 
earth, the sun's distance from us being 400 times the moon's, the 
earth's mass 75 times the moon's, and its periodic time 13.4 times 
that of the moon. 

25. In an orbit in any central field, draw lines paralell to 
the tangents at two points of the orbit at distances inward and 
inversely proportional to the speeds at the points of contact. Show 
that the line joining the intersection of U'.e tangents to the inter- 
section of their parallels passes throiia'h the center of the field 
(u«,p«=B). 

26. If a central orbit pass through the vertices of a triangle. 
and the velocities at them be parallel and proportional to the 
opposite sides, prove the center is the center of gravity of the tri- 
angle. 

THE HALF SQUARE OF SPEED. 

Tt will lie convenient here to call the half square of the speed 
of a particle its "VIS VIVA. Vis viva is a term that has been 
used in various senses by writers on dynamics, any of which make it 
some multiple of the square of the speed. 

If we integrate vde- -fds between given points of a given path, 
we obtain V^v~ — '!/■> V-—\fds, where Y is the beginning, and !>, the 
ending speed, and the integral is taken over the path. In a field, 
f will be determined at every point of the path, whether the motion 
over the path be free or constrained, whatever the initial speed 
may have been, and whenever the path be described; i. e., / is a 
function of s as a geometric coordinate of the path. Hence, 

The increase of vis vim produced by a. field depends only upon 
the path described. 

A field is called a conservative field if, still further, the in- 
crease of vis viva depend only upon the beginning and ending 
points, by whatever path .motion takes place from one to the other. 

If {X, Y, Z) be the components of the field at the point 
{x,y 1 z),t\\QT\ Xdx/ds is \}w projection of X upon the tangent to 
the path, etc., and adding (he projections of each component, 

fds=Xdx+ Ydy+Zdz . 
The condition that a field is conservative is that the above dif- 
ferential is a perfect differential (so that its integral may be inde- 
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pendent of the path). In other words, the components of the field 
rnvst be the partial derivatives, as to x, y, and z, of a given function, 
say W=F(x, y, z) , so that we have fds=dW. Thus, if the particle 
starts at (a,b,c), and take any path which ends in {x,y,z), its 
increase of vis viva will be F{x, y, z) — F(a, b, c) . 

POTENTIAL 

Conversely, consider any given [unction. $(x,y,z), and let it 
define a field whose components at (x, y, z) are the negatives of its 
corresponding partial derivatives; and let 4>{x,y,z) be called the 
potential of the field at (x,y,z). 

The field is conservative, because <f is simply — F above; also, 
vdv-\-d<j>(x,y,z)—0 or, y 2 v 2 -\-<f>(x, y, s)=constant. 

In wods, tin' sum, of the vis viva anil potential of a. particle 
moving in a conservative field, is a constant. 

A. potential surface is one, every point of which is at the same 
potential. Tf a be its potential, its equation is ib(x,y,z)=a. Since 
a particle will move on a. potential surface with constant speed, its 
tangential acceleration must be zero at every point, i. e., potential 
surface is everywhere perpendicular to the lines of acceleration of 
the field. 

Tt appears that, a particle in motion lias on a potential surface. 
a corresponding speed which it must, take if it arrives at that sur- 
face. As the potential increases, the corresponding speed de- 
creases, until a surface of zero speed is reached; and we may say 
that the particle could have acquired its actual speed by having 
fallen from rest upon the surface of zero speed, to its given position. 
EXAMPLES V. 

1. Show that all potentials may be changed by a constant 
without altering the field. Show that the resultant of two con- 
servative fields is a conservative field, and that the resultant poten- 
tial at any point is the sum of the component potentials at that 
point. 

2. If a point move from P—{x,y,z) to P'—(x',y',z) in a 
fixed direction, lim NPP'-—-dif, is called its differential, variation in- 
thai direction, and lim N" [<j>(x',y',z') — ^(x, y, z) ]=(?<£ is the 
differential variation of the function if in thai direction. Show 
that if the function In; the potential o:f a field, — d<f>/dq is the com- 
ponent of its acceleration in the direction q of differentiation. 

3. With the axis of y upwards, show that the potential of 
the constant field at {x,y,z) is gy. 

4. Show that the po'cntial of the earth's field, at distance r 
from the center is ga 2 /r. This makes zero potential where ? If a 
particle fall with surface of zero speed at infinity, with what speed 
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would it Tench tlip. earth's surface ? Where is its -surface of zero speed 
if it reach the earth with greater speed? 

5. Show that any central field, varying as a function of the 
distance only, is a conservative field; also the resultant of any 
number of such fields. 

6. Jf the free path of a particle which is constrained to lie 
on a potential surface he called a geodetic line of the surface, prove 
that the radius of curvature of a geodetic line is normal to the 
surface at every point. 

Note. The slatic definition of a geodetic line is that it is the 
form assumed by a strained, thread constrained to lie on the (per- 
fectly smooth) surface; and the static proof of its fundamental 
property is analagous to the above dynamical one, viz, the tension 
of the thread at any point produces a resultant pressure in the 
direction of its radius of curvature, which, since it is balanced by 
the pressure of the surface, must be normal to the surfa-ce. Geo- 
metrically, the geodesic lino between two points on a surface is a 
minimum Una between the two points, and lying on the surface. 

7. Jf a particle describe a path in any field, freely or by con- 
straint, and its velocity be exactly reversed, it will return over the 
path with velocity exactly reversed at every point. 

Note. Make the free path for the moment constrained, and 
show that it exerts no pressure in the reverse motion. Observe that 
in the free path, v"/B. must be the normal acceleration of the field. 

8. A free path in a field can be described freely with only 
one speed at a given point; when a particle describes it as a con- 
strained path, the vis viva at any point differs from the corre- 
sponding free vis viva by a constant c, and 2c/R is the normal ac- 
celeration produced by the pressure of the path. 

9. A particle is constrained to move on an ellipse, with one 
focus an attractive center, the other a repulsive center, the two 
equal in absolute acceleration. Show that the normal acceleration 
of the pressure of the path varies as the curvature. 

10. TTenee show that if a particle tic placed at equal distances 
from the above centers, it will vibrate in a semi-ellipse with the 
centers as foeii. 

11. If a line be an axis of symmetry of a field, particles 
started from a point of the axis with symmetrical velocities will 
describe symmetrical paths, with symmetrical motions. Every 
free path which meets the axis at right angles is symmetrical as 
to that axis. 

12. A point of inflection in a free path can occur only at a 
neutral point {position of zero acceleration) if the field is con- 
tinuous; it can have no cusp, or other point indicating sudden 
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change in the direction of motion, except by collision or sudden 
impulse. 

13. An orbit in a central field is concave toward an attractive 
center, convex towards a repulsive one. 

Definition. An apse of an orbit in a central field is a point 
of tbe orbit which is at a maximum or a minimum distance from 
the center. The line joining an apse to the center is an apsidal 
line; the distance from tbe center to an apse is an apsidal distance. 

14. An apsidal line is perpendicular to the orbit at its apse: 
if it is an axis of symmetry of the field, it is an axis of symmetry 
of the orbit (eg., when the acceleration varies as a function of the 
distance only) . An apse cannot be a point of inflection. 

15. If a central field varies as a function of the distance 
only, then the arcs of an orbit between successive apises are equal 
and similar, and subtend equal angles at the center; alternate 
apsidal distances are equal so that there are not more than two 
apsidal distances. Tbe orbit is closed only if the angle between 
successive apsidals is commensurable with four right angles. 

16. Find the equation for determining apsidal distances. 
Ans. If <j>(r) be the potential at distance r, (/Z/r) 2 +3<^{r) 

=c where c is determined by initial conditions. 

17. The periodic time of a planet which is double the earth's 
distance from the sun is about 1033 days. 

18. Prove from the hodograph of a planet that its velocity 
can be resolved into two constant velocities, c and ec, perpendicular 
respectively to tbe radius vector ami tbe major axis. 

19. Find the locus of the empty focus and the center of the 
orbit of a planet which is projected from a given point with given' 
speed. 

20. Find the locus of the apses of the orbit above, in any 
central field. 

31. Show that there are two directions of projection of' a 
planet from a given point, so that it will pass through another 
given point. 

II. DYNAMICS 

Mass is quantity of matter. For homogeneous matter, mass is 
proportional to volume; a certain volume is unit mass, and the 
mass of a unit volume is density so that mass=den.fity times 
volume. 

A particle is a quantity of matter concentrated in a geometrical 
point; it is a fiction which is convenient and almost necessary in 
the development of dynamics. Its actual function in the dynamics 
of finite bodies will he considered later. 
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The Momentum of a particle- is the product of its mass into 
Us velocity. It is consequently fi vector quantity, represented by 
the extension of the velocity vector as many times as there are 
units in the mass of the particle. Remembering that the mo- 
mentum of a particle is tangential to the path, it is fully de- 
termined by the numerical measure, mv, where in is the mass, and 
v the speed, of the particle; but momentums add by the parallelo- 
gram law of vectors, and not by the addition of their numerical 
values. Thus, the sum of two momentums of ,'i and 4 units, varies 
from t to o to 1, according as the angle between their direction? 
varies from to 00 to ISO degrees. 

The fundamental basis of mathematical dynamics is the postu- 
late that a- particle cannot change its own state of momentum-. 
Such change must come from outside- causes, so that if a particle 
of given mass were wholly unacted upon from without, it would 
move forever uniformly in a straight line (including permanent 
rest as the limiting case of zero speed). 

Any cause of change of momentum in a particle is named 
impulse' or [one, according to the character of the change. 

An Impulse produces instantaneous change of momentum. 
(The mathematical analogue of a blow). It has magnitude and 
direction, which are represented by Ike change of momentum, i. e., 
the magnitude of the suddenly added momentum, and its direction, 
arc the determining elements of the impulse, so far as it can be 
mathematically expressed. 

A Force" produces gradual and- continuous change of mo- 
mentum, i. e., an indefinitely small change in magnitude and di- 
rection, in an indefinitely small time. 

The Average Force during any time, is represented by the 
quotient of the 'irhol-e change of momentum bg the time of change, 
i. e., the average change per unit. time. Tt has direction and magni- 
tude as represented by this quotient. 

The Force acting at an instant in the middle of a continuous 
change of momentum, is the limit of the average force (as esti- 
mated for an indefinitely small time whose limit is the instant 
considered). It has magnitude and direction represented by such 
limit of the average force, and is expressed by components. 

Impulses and Forces aTe plainly vector quantities, being either 
differences of vector momentums, or the limits of such differences. 
The entire system of dynamical quantities, velocity, momentum, 
acceleration, impulse and force, rest fu.udanien.'alfy upon displace- 
ments in space, in which a. displacement from a point A to a point 
li plus another from 11 to G. equals a. displacement from A to G. 

We can. take the lines which represent the velocities of the 
particle in fig. 1, to represent the momentums instead, since there 
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is no change of direction, but simply a change of measures of 
length. Thus, OR will be a lino of mv units, and OR', a line of 
m' v' units, so that mv replaces v andmV replaces v' in the work 
of finding the components of nee deration. Hence: 

Tim Tangential Force at time- I is d(>nv)/dt=D(mv). 

The Norma!. Force al time t is mvd<j>/dt=mv a /R. 

If m is a constant, then D (mo)=mDv=mf. Also, the nor- 
mal force is in any case, the mass times the normal acceleration. 
Hence, 

When the mass concerned, d.oes not vary v:-ith the time, {he- 
force aclinfi equals the product of the mass into the acceleration. 

A further postulate of mathematical dynamics is that action 
and reaction between particles are equal and opposite. 

The preceding postulates and definitions were in point of fact 
successively deduced from observation, and experiment as true in 
nature, beginning with Galileo, and ending with Newton, who first 
formulated them as a basis for a mathematical science of dynamics 
under what he called the three laws of motion. The most crucial 
tests that these laws are in accord with nature are the many verifi- 
cations of the Newtonian Jlynan.rics in Astronomy (see Encyclo- 
pedia Britannica, article "Mechanics," sections 3 and 4). The 
theory has been applied successfully in the development of all de- 
partments of Physics and even of Chemistry, and the theory of all 
natural phenomena is becoming more and more a. purely dynamical 
science. 

The true measure of mass is dynamical. That is, mass is a 
property of inertia in matter, in virtue of which external action is 
required 1o change its state of rest or of uniform motion in a 
straight line. Thus, equal masses are those which under the same 
external actions, observe the same changes in velocity. This is 
reduced, in practice, to the case of external actions in equilibrium, 
Thus, equal masses will in vacuo extend a spring balance equal 
amounts; or, placed in the opposite pans of an arm balance, will 
not disturb its equilibrium; or, coming together with equal and 
opposite velocities, and adhering, will be brought to rest; etc. 

PIN1TE BODIES. 

A finite body can be divided by imaginary surfaces into indefi- 
nitely small elements. The' surfaces are determined by the 
coordinate system, and arc such that along any surface, one of the 
coordinates of the system is a constant, Tims, in the Cartesian sys- 
tems, #,?/, z, the surfaces are planes parallel to the coordinate 
planes. In the polar system, r.fl,d>, The surfaces are spheres about 
the pole as center, circular cones about the initial line as axis, and 

37 
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planes through the initial line. In the cylindrical system, r,$,z, 
the surfaces are cylinders about the axis of z, planes through and 
planes perpendicular to, that axis. 

Consider the element which contains a given point P, and 
ultimately reduces to that point. So long as this element of the 
body has not vanished, it has form, volume, and mass; and we may 
construct a similar element in form and distribution of mass, in 
so large a proportion to the vanishing element that it remains 
finite, and approaches a limit, called the. diffunmluil dement at P. 
The limits of the sums of all the elements of volume and mass of 
the body are plainly the whole volume and mass. But these are 
the integrals of the corresponding differentials, by definition of 
integration. 

The differentia] clement pertaining to a point P, is rigorously 
a particle of mass dm, concentrated at P. In fact, its distance 
from any fixed point, line, or plane, corresponds, in the summation 
of the indefinitely small elements of the body, to the distance of 
some point of the small element to which it corresponds, and all of 
these points become in the limit, the single point P. Also, in con- 
sidering the forces on a body, they reduce to the systems in which 
the forces on each element are those which produce its actual 
motion as a separate body, and in prnportioiialmng the forces on 
an element with the element, they become ultimately forces acting- 
at P, whose resultant is the differential force on the particle dm. 
Thus, the rotational effects of the forces on the small elements 
disappear in the limit. 

The integral of particles over a line is a filament; the in- 
tegral over a surface, is a lamina. Forces on the several particles 
must, of course, he .integrated in respect to their components in fixed 
directions, and in respect to their moments about fixed axes in 
order to obtain (heir resultant effects upon the body as a whole. 

The force on a particle is its mass times its acceleration. The 
mutual actions of a system of particles arc called internal forces; 
but when the integration of a component or moment of force on a 
particle extends to every particle of the system, the effects of the 
internal forces mutually cancel, since action and reaction are equal 
and opposite, so that the integration obtains simply the corre- 
sponding component, of resultant nxtcrn'tl force, or resultant mo- 
ment of external force, as the case may be. 

KINETIC ENERGY AND WORK 

If m he the mass, and v the speed of a particle, its kinetic energy- 
is y^rne*. or the product of mass into vis viva. The kinetic energy 
of a body is \y.yv-dm, extending to every point of the body. 
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The work done by n. constant- field, of force in any displacement 
of the body is, force times (ii.splaceiue.rti times, cosine, of angle be- 
tween them, it may aiso be expressed as, force limes component of 
displacement, in its direction, or disph.ceine.tvt times component of 
force in its direction. 

The sign of the work is positive or negative, according as the 
angle between force and displacement is acute or obtuse; it is zero 
if the angle is a right angle. 

The work done in two successive displacements is the work 
done in the resultant, displacement; and the work done by the 
resulant of two constant fields is the sum of the works done by 
each. 

The work done by a field which varies from, point to point 
must he considered with reference to the path. We divide the path 
into elements so small that the field is nearly constant for the dis- 
placement of any element; and so rigorous!;/ cmsianl, in the dif- 
ferential field, corresponding to the point to which the element 
ultimately reduces. In other words, the exact work done is the 
integral over the. path of the differential work at each point — re- 
membering that this stands for nothing else but the limit of the 
sum of the works done along each element imcer the more and 
more nearly rigorous hypothesis of the constancy of the field over 
the element. 

If W denote the work of the field, on a particle- which de- 
scribes the path AP (fig. 1) in the field, we have,(/T7=m/<fe=m.i;(?u. 
Thus, if V be the speed at A, tins gives, bv integration, 
W=y 2 mv 2 — VzmV 2 . 

In words: The work done by a field, upon a partieU moving 
over any path, equals its increase of kinetic energy. 

This will include also the work done by a medium, friction, 
and any other forces, whose tangential components are included in 
mf above. 

This gives a new definition of the potential at P in a con- 
servative field, viz., the work the field will do in bringing a particle 
of unit mass from P to the surface of zero potential ; or, the work 
that must be done against the field in bringing it from aero to its 
given potential. 

TRANSLATION OF A RIGID BODY 

In what is called translation of a body, all points describe 
equal distances s, in parallel straight lines. The speed v—Ds of 

any point, is the speed of the body. ;ui(\l)v is iis acceleration. 
The momentum is \idm.--mv. 
'J.' he kinetic energy is [\Adi)i.v 2 —- 1 / ii mv 2 . 
The resultant force is \dm.Dv — ml) v. Since the forces on all's 
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"the particles are parallel and proportional to their masses, this 

resultant, force pa we* through the center of gravity of the body. 

ROTATION Of A RIGID BODY 

In this motion, all points describe circular arcs of equal 
radian measure about a common axis, so that if r be the perpen- 
dicular distance from the axis to a given particle P, the arc 
distance describee] by the particle is s=--r6; r varies with the posi- 
tion of the particle, but not with the time; 6 varies with the time, 
and is the same for all particles. ~Dd=vi, say, is the angular 
velocity of the body, and Dw is its 'iv.nvh.rr acceleration. 

The velocity of the particle P at distance r from the axis is 
Ds=rD$=rw, perpendicular to r. 

The momentum of the particle is therefore w.rdm, perpen- 
dicular to r, so that its moment of momentum about the axis is 
w.r 2 dm. Let I stand for ^dm, extending to every particle of the 
body. Then, 

Moment of Momentum, about the axis is Iw. 

Similarly, from {y^irdm, and v=rv;, the Kinetic Energy is 

The tangential force on P is, dm.Dv=rdm.Dw r and the 
normal force is, dm,.v 2 /i-=rdm.vf-. Since the latter intersects 
the axis, its moment about the axis is aero. Thus, The moment of 
the force on the particle P, about the axis is, f'd.m.Dw. Hence, 

The resultant Moment of Force aboal the axis is, Wto. 

One should observe the parallel between translation and ro- 
tation. In the former, v and Dv, are linear velocity and accelera- 
tion, and mv^f-ymv^.-mDv, are the momentum, kinetic energy, and 
resultant force. In the latter, w and Dw, are the angular velocity 
and acceleration, and Iw, V^Vic-, IDw, are the moment of momen- 
tum, kinetic energy, and moment of force. The inertia factor m in 
translation, is replaced by the inertia factor I in rotation, which is 
consequently called the moment of inertia of the body about the 
axis. From its definition, the moment of inertia depends solely 
upon the distribution of mass about the axis, and, is made up of 
the sum of the moments of inertia of its component parts. The 
distance from the axis at which a body can be concentrated with 
the same moment of inertia is called its radius of gyration about the 
axis. Thus I=mfc 2 , where h is the radius of gyration. 

It is shown in the calculus that if the axis, originally at Hie 
center of gravity, be moved parallel to itself a. distance a, the 
square of the new radius of! gyration is fc 3 -f-a 2 - 

■to 
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THE NORMAL FORCE OF REVOLUTION. 

Since the normal forces meet the axis, they are balanced by, 
and determine the stress on, the axis. It is necessary to consider 
coordinate axes, and moments about them, for which refer anew to 
the topics on. momoii.ts (page 1?). Take the axis of revolution as 
axis of z; lei; the plane of m contain the center of gravity of the 
body; and let P be any point of the body whose coordinates are 
(x,y,z), mas? dm, and distance PZ~r from the axis of z. (With 
some constructions by the student, named portions of. fig. 3 will 
answer as a diagram) . 

Let PN (on PZ) be the normal force on P. We have shown 
above that PN=rw 2 dm, or in x, y, 2, components, 

— w 2 xdm, — w 2 ydm, 0. 
Introduce the balancing forces OM , — OM , at 0, where OM=PN. 
Thus, the force PN on the body is replaced by the equal and 
parallel force OM, acting at 0, and the couple, PN, —OM, which 
is fuly expressed by its moment 20PN. Finding the components 
of this moment from the components of PN and the coordinates 
of P, (Yz — Zy, etc.) they are, w-dm-.yz, — vrdm.zx, 0. 

Do the same for every particle of the body, and integrate the 
several components of force and moment, extending to every 
particle of the body. The coordinates of the center of gravity are 
say, (x',y', 0), so that (m—\dm being the whole mass), 

\xdm=mx', \ydm=my 
Also let $yzdm=A, \zxdm- ~B. These iniegrals are called products 
of inertia of the body about the oris; and when t lie y are both zero, 
the axis is called a principle, axis of the body for the point 0. 
Using these integrals, we thus resolve the normal forces of revolu- 
tion into a single force acting at 0, and a couple, whose compo- 
nents are: 

The force, ■ — w 2 mx', — w 2 my', 0. 

The couple, w*A, — w 2 B, 0. 

Plainly, the resultant nornnil force is the same as if the whole 
mass of the body were concenlmled at Us center of gravity, so that 
it is zero only when the axis of revolution, passes through that 
center of gravity. Also, the couple is .zero only when the axis is a 
principle axis tor the point 0. In words, there is no stress on an 
axis of revolution of a body (direct or twisting) when and only 
when the axis is a principa.1 a:ris of the body through its center of 
gravity. 

THE COMPOUND PENDULUM. 

Anv body revolving nboui a fixed horizontal axis is a com- 
pound pendulum. Let OG^a-, he the distance of the center of 
gravity from the axis, $ the angle between OG and the downward 
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"vertical, OL, and 7, the moment of inertia about the axis. Com- 
puting moment of the force (gravity) about the axis, 

lD' i $=—mqa, sin#. 
Compare this with the equation for the simple pendulum of length 

I, at the same angle, at any time t, UP$= — gs'mfi, and we find that 
l=I/ma, which is called the length of the equivalent simple pendu- 
lum. 

Produce OQ to C, making OC~I/ma; C is called the center 
of oscillation as to the (•enter of suspension 0. Let Jc be the radius 
of gyration about a parallel axis through the center of gravity 0; 
then J;=7«(a 2 +fr 3 )- Thus OG=a-\-b, where 

b=OG=h a /a. ■ 

Conversely, if C be made center of suspension with a parallel 
axis, its center of oscillation will be on GG produced, at a point 
which is a distance k 3 /b, or a beyond G, which makes it the point 
0. Thus, centers of suspension and oscillation are interchangeable. 

EXAMPLES VI 

1. Prove that the whole work done in raising a system of 
bodies through different heights is the same as raising the entire 
weight through it- height equal to that which their center of gravity 
is raised. 

2. Find the work performed in moving a ton 100 yards on a 
uniformly rough horizontal road, the coefficient of friction being 
one -tenth. 

3. Show that the same work is expended in drawing a body 
up an inclined plane, subject to friction, as would be expended by 
drawing it along the base and raising ir, vertically upward. 

4. Ii two particles atlracl each other' directly as the product 
■of their masses, and inversely as the square of the distance be- 
tween them, find the work done, when they have moved from an 
infinite distance apart to the distance r. 

5. Find the potential outside, upon, and within, a spherical 
■shell, of uniform mass per unit area. .Derive thence its attraction 
upon a particle in the same situations. 

6. Show hence, that a solid spherical mass, whose density at 
any point varies only with the distance from the center, attracts 
an outside mass as if its whole mass were concentrated at the 
center. 

■7. Determine the law of force wthin a tube along a diameter 
of the earth. 

8. A flat pivot presses against a rough plane; find the work 
done against friction in one revolution of the pivot. 

9. A ball moving with a velocity of 1,000 feet per second has 

VI 
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its velocity reduced by 100 in passing through 1.9 inches of wood; 
what is its maximum penetration in the same material? 

10. A rectangular log lies on the, floor of a car, in direction 
perpendicular to the sides. If it be prevented from slipping, de- 
termine the speed of the car, such that if suddenly stopped, the 
log shall be Just overturned. 

11. A sling is formed by fixing the ends of an elastic cord 
(natural length 2-a) to the prongs of a stick. A bullet of mass m is 
placed at the middle of the cord and drawn back until the cord is 
of length 26. Determine the velocity which the sling will give to 
the bullet. 

13. An elastic cord, absolute tension k, is attached to a mass 
m, resting on the ground. The free end of the cord is raised 
vertically until the mass is just lifted; find the work done. 

IB. An indefinitely long chain, mass m per unit length, is 
coiled on the ground. A ball of mass km attached to the end of 
the chain is projected vertically with speed T 7 ; determine its speed 
at any time and the height to which it rises. (Note. The mass is 
here variable). Consider the same projected on a smooth hori- 
zontal plane. 

14. A rod of uniform density is let fall from a horizontal 
position, one end being attached to a fixed horizontal axis. Find 
its angular velocity when vertical. 

15. A weight is attached to a cord which is wound round a 
homogeneous cylinder with axis horizontal. The weight falls, 
turning the cylinder. Find its speed at any time, if the cord is 
weightless, and also allowing for its weight. 

16. Find the speed acquired by the center of a hoop in rolling 
down an inclined plane of height h. 

17. A homogeneous cylinder or sphere, rolls down an in- 
clined plane without slipping, investigate its motion. 

18. Find the center of oscillation of a uniform circular plate, 
with respect to any point us center of suspension. Also, the posi- 
tion of the center of suspension for minimum time of small os- 
cillation. 

10. Find the center of oscillation of a homogeneous sphere, 
about a tangent, and compare its time of oscillation with that of 
a spherical shell of equal diameter, about a tangent. 

SO. A pendulum is an elliptic disc, a.xos four and two feet, 
point of suspension a focus; determine its period and center of 
oscillation. 

31. A bent lever ACB rests in equilibrium when AC is in- 
clined at an angle e to the horizontal; show that if this arm be 
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